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Abstract  This study establishes a mathematical model for steel wire-wound toroidal helical 

structures and defines a precise closure criterion. On the basis of the Frenet–Serret frame, math-

ematical models for single- to triple-order toroidal helices are derived. An optimized method to 

calculate the Frenet–Serret normal vector is proposed to substantially reduce derivation intricacy. 

This study proposes for the first time the mathematical modeling of single-thread winding pat-

terns and rigorously investigates their closure criterion. Results demonstrate that the winding 

mechanism shares an identical criterion with multithread winding patterns. 3D software modeling 

by using the proposed methodology reveals enhanced accuracy in helical structure analysis. The 

findings provide valuable insights into the modeling of complex helical geometries. 

1. Introduction 

Steel wire-wound toroidal helical structures play a critical role in industries because of their 

excellent axial mechanical properties and radial load-carrying capacity [1-4]. The internal struc-

ture of these toroidal helical structures is crucial for their mechanical properties and service life 

[5-7]. Early research mainly relied on theoretical analysis and experimental testing, providing a 

solid foundation for subsequent scientific research and engineering applications [8-15]. With the 

advancement of computational technology, simulation methods have become increasingly cru-

cial for analyzing the mechanical properties of wire-wound toroidal helical structures. Accurate 

mathematical and geometric models need to be constructed to ensure the reliability and validity 

of the simulation results [16-21]. 

Numerous scholars have worked to establish and optimize mathematical models for describ-

ing and predicting the mechanical behavior of helical structures. These models cover a wide 

range of helical structures, including straight-strand [22-25], curved-strand [26-29], and hetero-

geneous cross-section helices [30-33]. The most common and earliest studied structures were 

straight-strand helices with circular cross sections [15, 34-36]. Nawrocki and Labrosse [37] 

developed a finite element model for simple straight-strand helical structures by using Cartesian 

isoparametric expressions. Lee [34] presented various models for straight-stranded helical 

structures. Stanova et al. [22] and Erdönmez [23] demonstrated the derivation of mathematical 

models for helical structures and established models for double and triple straight-strand helices. 

Han et al. [19] were the first to construct a 3D model of a quadruple helix. Meanwhile, Lv et al. 

[38] developed a geometrically simplified analytical model for overhead transmission lines. By 

retaining only the corrugated geometry of the outermost armor rods and omitting the internal 

helical structure, this approach achieves a compromise between computational efficiency and 

geometric resolution. Zhao et al. [39-41] conducted a series of studies addressing the geometric 

modeling of complex helical structures in shearer cables. In their early work [39], the authors 

integrated manufacturing principles with mathematical formulations to develop a parametric 3D 

©  The Korean Society of Mechanical  

Engineers and Springer-Verlag GmbH 

Germany, part of Springer Nature 2025 

 

 



 Journal of Mechanical Science and Technology 39 (11) 2025  DOI 10.1007/s12206-025-1028-1 
 
 

 

 

6830 

model on the Pro/Engineer platform by utilizing the trajectory pa-

rameter function. This model enables parametric regulation of 

the lay direction, helical pitch, and inter-wire clearance, demon-

strating enhanced compatibility with industrial manufacturing 

processes. Subsequent research [40] proposed a generalized 

framework for multistrand, multilayer shearer cables. By con-

structing geometric skeletons (i.e., steel wire centerlines) and 

implementing helical path control, the methodology decouples 

geometric modeling from load-dependent deformation stages, 

thereby enhancing initial configuration accuracy with structural 

stability. Zhao et al.’s latest work [41] established a recursive 

parametric modeling methodology on the Rhino–Grasshopper 

platform. Through curve interpolation and mesh fitting, the model 

captures intralayer and interlayer tangential relationships while 

incorporating nonstandard sheath geometries, offering flexibility 

for simulating complex cable structures. These studies estab-

lished a comprehensive, geometrically precise modeling frame-

work for multilayer helical shearer cables that spans path gen-

eration, structural assembly, and engineering adaptability. 

During the development of helical structures, researchers 

have demonstrated that modifying the shape of the cross section 

enhances wear and torsion resistance and improves the contact 

state with pulley grooves [30, 33]. This insight has led to further 

investigations into mathematical models for helical structures 

with various cross-sectional shapes. Fedorko et al. [33] derived 

geometrical parametric equations for a two-layer helix with a tri-

angular cross section and constructed a 3D model of the (3+9+ 

15) structure by using Pro/Engineer software. Chen et al. [42] 

focused on a helical strand with an elliptical cross section, de-

rived its parametric equations, and constructed a 3D model. 

Stanova et al. [30] developed a mathematical model for a wire-

wound straight-strand helix with an elliptical cross section and 

verified it by using Pro/Engineer software. Meanwhile, Zhang et 

al. [31] explored mathematical models for curved-strand helical 

structures with elliptical and triangular cross sections and devel-

oped software to rapidly construct 3D models. Xia et al. [43] in-

troduced a precise vector expression for the spatial trajectory of 

distinct steel wire types within a triangular strand-wire rope struc-

ture. Moreover, they established a parametric modeling meth-

odology for finite element analysis using ABAQUS/CAE. The 

method’s versatility extends to other complex rope structures, 

enabling the analysis of intricate strand configurations. 

To minimize the effect of internal contact stresses on the ser-

vice life of helical structures and enhance their strength, re-

searchers have designed compacted steel wire helical struc-

tures. Erdönmez [44] developed a 3D model of a (1+6) com-

pacted helical structure by analyzing the cross-sectional shape 

of an actual compacted wire and integrating it with parametric 

mathematical equations. Erdönmez [45] introduced a model for 

a multilayer compacted helical structure that combines the 

cross-sectional characteristics of a compacted steel wire with a 

double helix equation. Chen et al. [32] examined the process of 

wire compaction by using an elastoplastic mechanical model, 

predicted the 2D cross-sectional shape, and established a 3D 

model on the basis of the compacted wire cross section. 

In practical applications, steel helical structures are typically 

bent. As a result, numerous scholars have focused on the math-

ematical modeling of these structures in their bent states. He et 

al. [29] studied bent fiber-braided ropes, derived a mathematical 

model, analyzed the winding process through geometric meth-

ods, and implemented a modeling approach in SolidWorks soft-

ware. Ma et al. [26] developed a mathematical model for a wire 

rope bent around a pulley and established the corresponding 

helical wire core and 3D model, ultimately offering a practical 

approach for modeling bending helical structures. Zhang et al. 

[2, 46] constructed a multiorder helical model (encompassing 

single and double helices) for seamless closed-wire ropes and 

successfully facilitated a smooth transition between straight and 

circular arc segments. The authors also proposed methods for 

determining the values of characteristic parameters to ensure 

favorable closed-wire conditions of the toroidal helix. 

These research results highlight the importance of geometric 

modeling for diverse and complex helical structures. Substantial 

progress has been made in the mathematical modeling of helical 

structures, and current research focuses on helices in nonclosed 

forms. Studies on the underlying mathematical models of wire-

closed toroidal helical structures remain limited. 

In this work, mathematical models of toroidal helical structures 

with a new winding pattern are proposed and developed for the 

first time, and their derivation process is optimized. The detailed 

mathematical models and wire-closed criteria are provided to 

address the gap in the research on closed helical structures. 

Mathematical models are presented for a range of helical wind-

ing and spiral directions for single- to triple-helix toroidal struc-

tures. Then, the mathematical models and the conditions re-

quired to ensure wire closure are validated through the construc-

tion of 3D geometries. The findings of this research not only pro-

vide a theoretical foundation for the mechanical analysis and op-

timal design of toroidal helical structures but also offer method-

ological guidance for the study of mathematical models of other 

types of helical structures. 

2. Structural characteristics and geometric 
relations 

2.1 Structural characteristics 

A wire-wound toroidal helical structure is composed of a core 

wire (n = 0) and toroidal helical wires of various nth orders, in-

cluding single (n = 1), double (n = 2), and triple (n = 3) helical 

wires. The inner schematic representation of this structure is de-

picted in Fig. 1(a). A single helical wire (I) is spirally wound 

around the surface of the core wire, forming the first layer of the 

helical structure known as the inner strand. The inner strand is 

further spirally wound by the side ropes (sr) on its surface, com-

pleting the steel wire-wound toroidal helical structure. Each side 

rope consists of side strands (ss) spirally wound around a single 

helical wire (II) in the second layer, and each side strand com-

prises triple helical wires wrapped around a double helical wire. 

Two distinct wire-wound patterns of toroidal helical structures 
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are identified: helix windings of (i) multithreads in each layer (Fig. 

1(b)) and (ii) single-thread in each layer (Fig. 1(c)). In the (i) wire-

wound pattern, multiple single helical wires I and side ropes are 

sequentially wound to form a complete toroidal structure. The 

single helical wires (I/II) are denoted by symbols wij, where the 

subscript i indicates the layer number (1 for single helical wire I 

and 2 for single helical wire II) and j represents the wire’s serial 

number. The side ropes are represented by srj, where j is the 

serial number of the jth side rope corresponding to single helical 

wire I/II. The side strands are denoted by ssjk, with j indicating 

the side rope’s serial number and k representing the serial num-

ber of the kth side strand on the jth side rope. After completing 

one full revolution around the toroidal structure, the end surfaces 

of each helical wire align with their starting surfaces. 

In the (ii) wire-wound pattern toroidal helical structure, only 

one single helical wire I and one side rope, which consists of six 

side strands and one single helical wire II, are wound back and 

forth to cover the entire toroidal surface. Single helical wire I and 

single helical wire II are denoted by ℓim, where the subscript i has 

the same definition as that in the multithread winding structure 

and m represents the serial number of the mth winding turn of 

the same wire. The side strands, which wind single helical wire 

II within one side rope, are represented by ssk, with the subscript 

k indicating the serial number of the kth side strand. After one 

complete winding turn, the endpoint of single helical wire I/II is 

projected onto the normal plane of the core wire at a toroidal 

angle of 2π/m, where m represents the number of winding turns 

of the wire. 

2.2 Geometric relations 

2.2.1 Multithread winding pattern 

The geometric relationships among rotation angle, winding 

angle, and rotation radius are illustrated in Fig. 2. 

These geometric relationships allow the establishment of the 

following mathematical relationship. 

 

cos sin tan

  

  
= = =s s d d

s

s s d

R r r
l , (1) 

 

sin tan

 

 
= =d d t t

d

d t

r r
l . (2) 

 

From Eqs. (1) and (2), the relationship among θ, φs, φd, and 

φt can be deduced as follows: 

 

tan
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s

s

R

r
, (3) 
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 


= s d

d s

d s

r

r
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tan

sin


 


= d t

t d

t d

r

r
. (5) 

2.2.2 Single-thread winding pattern 

The most notable difference between single-thread and mul-

tithread winding methods is that after one cycle around the core 

wire, the head and tail of the single helical wire do not coincide 

but instead deviate by a certain angle. However, after m cycles, 

the head and tail align, forming a closed loop. At the end of one 

winding cycle, the endpoint of the center curve—located on the 

normal plane of the core wire’s centerline—forms a central angle 

of 2π/m or −2π/m with the start point on the same plane. 

 

(a) 

 

(b) 

 

(c) 

 

Fig. 1. Wire-wound toroidal helical structures with single- to triple-order con-

figurations: (a) internal structure with multiorder helices; (b) multithread wind-

ing structure; (c) single-thread winding structure. 
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Consequently, in a single-thread winding pattern, the values of 

φ's, φ'd, and φ't are related to θ as follows: 

 

tan 1
 

 
 = + 

 

s
s

s

R

r m
, (6) 
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 = s d
d s

d s

r

r
, (7) 

 

tan

sin


 


 = d t
t d

t d

r

r
. (8) 

3. Mathematical expression of varied cen-
ter curves 

3.1 Fundamental principle underlying the for-
mation of a spatial toroidal helix 

Let point A be a point on the center curve of the nth-order to-

roidal helical wire (n = 0 represents the core wire, which is a non-

helical structure). The (n+1)th-order helix is generated by spirally 

wrapping around the nth-order helix. A schematic of the spatial 

geometric configurations and characteristic curves is depicted in 

Fig. 3. Point A is situated on the single (n = 1) helix, which is 

employed to derive the mathematical expression of the double 

helix. 

The unit normal, unit binormal, and unit tangent vectors at 

point A on the single helix are denoted as ns, bs, and ts, respec-

tively. Let point B be a point on the (n+1)th-order helix, which is 

wound around the nth-order helix serving as its centerline, 

where point A is located. The position of point A in the Cartesian 

coordinate system is represented by vector hs, which points to it 

from the origin. The vector of point B within the Cartesian coor-

dinate system is denoted as qd. Therefore, the position vector of 

point B in the Cartesian coordinate system is given by hd = 

hs + qd. 

3.2 Centerline equation of the core wire 

The centerline of the core wire (n = 0) is modeled as a closed 

circular curve, whose vector representation in the Cartesian 

coordinate system is given as 

 

( )cos , sin ,0 = R Rh , (9) 

 

where the symbol + is used when the toroidal spiral curve is 

formed in a counterclockwise direction and the symbol − is uti-

lized when the spiral curve is formed in a clockwise direction. 

This approach can be utilized to regulate the winding direction 

of the outer layer helices when the circular curve is used as the 

winding core. 

3.3 Equation of the center curve of the single 
helical wire 

The center curve of the single helical wire follows a single-he-

lix trajectory formed by the superposition of two motion compo-

nents: (1) axial displacement along the core wire centerline de-

scribed by direction vector h (Eq. (9)) and (2) circumferential mo-

tion with rotation radius rs and rotation angle φs. A Frenet–Serret 

moving frame, nθ-bθ-tθ, is constructed along the core wire cen-

terline to describe the circumferential motion. tθ is the tangent 

vector, nθ is the principal normal vector pointing toward the cen-

ter of curvature, and bθ = tθ × nθ as determined by the right-hand 

rule. Within this moving frame, the circumferential motion follows 

a circular path, and its direction vector q's is defined as 

 

( )cos , sin ,0  = s s s s sr rq , (10) 

 

where the symbol + is used in the case of a right-handed spiral 

and the symbol − is applied for a left-handed spiral. 

Given that direction vector h is defined in the global Cartesian 

coordinate system, whereas circumferential motion component 

q's is defined in the local Frenet–Serret moving frame, coordi-

nate transformation is required to superimpose the two compo-

nents. According to differential geometry theory, this transfor-

mation is achieved by constructing a matrix Tθ = [nθ, bθ, tθ], 

which transforms vector components from the local Frenet–Ser-

ret moving frame into the global coordinate system. The trans-

formed relationship is given in Eq. (11). Such coordinate trans-

formation ensures that both motion components (defined in dif-

ferent reference frames) can be consistently combined within 

the global Cartesian coordinate system, enabling an accurate 

spatial trajectory representation of the single helix. 

 
 
Fig. 2. Geometry of the centerline or center curve of the core, single, double, 

and triple helical wires. 

 
 
Fig. 3. Schematic of the winding formation of a double helix. 
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

=Ts sq q . (11) 

 

In accordance with differential geometry theory, transforma-

tion matrix Tθ = [nθ, bθ, tθ] is constructed from principal normal 

vector nθ, binormal vector bθ, and tangent vector tθ, all vectors 

are computed as 

 

, ,    

  
= = = 

  

h h h
t b n b t

h h h
, (12) 

 

where h' and h'' denote the first and second derivatives of vector 

h, respectively. Their analytical expressions are given as 

 

( )sin , cos ,0  − R Rh = , (13) 

 

( )cos , sin ,0  − R Rh = . (14) 

 

By substituting Eqs. (13) and (14) into Eq. (12), transformation 

matrix Tθ is explicitly derived as follows: 

 

cos 0 sin

sin 0 cos

0 1 0


 
 

− − 
 =  
  

T . (15) 

 

Inserting Eqs. (10) and (15) into the coordinate transformation 

of Eq. (11) yields the global representation of circumferential mo-

tion vector qs as follows: 

 

( )cos cos , sin cos , sin    = −  s s s s s s sr r rq . (16) 

 

By combining direction vector h with circumferential motion 

vector qs, the overall direction vector of the single toroidal helix 

is obtained as 

 

= +s sh h q . (17) 

 

The single helix can be classified based on the winding and 

spiral directions, resulting in four patterns: (i) left-handed coun-

terclockwise winding, (ii) left-handed clockwise winding, (iii) 

right-handed counterclockwise winding, and (iv) right-handed 

clockwise winding. The operators + or − that are used to replace 

the ± symbols that appear in sequence in Eq. (16) correspond-

ing to different winding patterns are shown in Table 1. 

3.4 Equation of the center curve of the double 
helical wire 

The formation mechanism of the double toroidal helix follows 

the same principle as that of the single toroidal helix. Its spatial 

trajectory results from the superposition of two motion compo-

nents: (1) a motion along the centerline of the single toroidal he-

lix described by direction vector hs (Eq. (17)) and (2) a 

circumferential motion around the single helix trajectory charac-

terized by rotation radius rd and rotation angle φd. A Frenet–Ser-

ret moving frame, ns-bs-ts, is constructed along the centerline of 

the single toroidal helix to accurately represent this circumferen-

tial motion. Unit vectors ns, bs, and ts are computed via differen-

tial geometry and used to assemble transformation matrix Ts, 

which maps local vector q'd to the global coordinate system as 

qd. Then, double toroidal helix direction vector hd is obtained 

through vector superposition of qd and hs. 

For single- and higher-order toroidal helices, the three vectors 

of the Frenet–Serret frame at any point can be computed effi-

ciently without traditional differential geometry formulas, but they 

can also be derived directly from geometric relations as a com-

putationally tractable alternative. When solving for ns, the tan-

gent vector decomposition method proposed by Ø stergaard [47] 

is partially applied, leading to a new approach that optimizes the 

computation of the Frenet–Serret frame’s normal vector. This 

novel method outperforms existing methods [2, 23, 24] in terms 

of computational complexity and efficiency, especially when 

solving the mathematical expressions of high-order (n ≥ 2) heli-

ces. 

The center curve of a spatial single helical wire can be repre-

sented by two distinct tangential motion trajectories. One trajec-

tory moves along the tangential direction of the center curve 

around which it is wound, and the other forms a circumferential 

trajectory, with motion being tangent to the formed trajectory on 

the normal plane of the center curve. Normal vector ns of the 

spatial toroidal helix is perpendicular to the plane formed by the 

two tangential directions after decomposition, as shown in Fig. 

4. 

On the basis of this motion decomposition, an efficient meth-

odology for constructing the Frenet–Serret frame in toroidal hel-

ices is developed. Compared with conventional differential ge-

ometry approaches, this method reduces computational cost 

while preserving numerical accuracy. The resulting orthonormal 

basis vectors are defined as 

 

= cos sin , ,    + =  = 
s ss s s s s s st t t n t t b t n , (18) 

 

where tθ is given by Eq. (12) and tφs is the normalized partial 

derivative of the single toroidal helix direction vector with respect 

to φs, as given in Eq. (19). 

Table 1. Operators corresponding to the four types of single (n = 1) toroidal 

helical winding in qs. 
 

Winding direction Spiral direction 
Operator selection: + or − 

1 2 

Counterclockwise 
Left-hand − − 

Right-hand − + 

Clockwise 
Left-hand + + 

Right-hand + − 
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The three direction vectors of the Frenet–Serret frame for the 

single toroidal helix solution obtained using this method are 

given as 
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As illustrated in Fig. 4, tangent vector ts at any point on the 

single toroidal helix can be decomposed into two components in 

accordance with the kinematics of toroidal helix formation: (1) 

tangent vector tθ of the underlying core wire centerline and (2) 

tangential vector tφs associated with the circular winding motion 

on the normal plane of the core wire centerline. Given that the 

tangent vectors of both component motions lie on the tangent 

plane, the principal normal vector must be orthogonal to these 

tangential directions. Principal normal vector ns is thus obtained 

from the cross product tθ × tφs. 

The mathematical expression in Frenet–Serret frame ns-bs-ts 

can be transformed into the Cartesian coordinate system by us-

ing a specific matrix as follows: 

 

 ; ;


=T s s s sn b t .

 

(23) 

 

Direction vector q'd of the circumferential motion performed by 

the double toroidal helix on the normal plane of the single toroi-

dal helix, expressed in Frenet–Serret frame ns-bs-ts, is defined 

as 

( )cos , sin ,0  = d d d d dr rq ,

 

(24) 

 

where in the context of the spiral direction, the symbol + is used 

for a right-handed direction and the symbol − is used for a left-

handed direction. 

The expression for vector qd in the Cartesian coordinate sys-

tem is given in Eq. (25). In accordance with the toroidal helix 

formation principle, vector hd of the double toroidal helix is de-

rived in Eq. (26). 
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= + +d s dh h q q . (26) 

 

The double toroidal helix is based on the single toroidal helix 

as its centerline, with the spiral direction including left-handed 

and right-handed spirals. Given that a single toroidal helix can 

have four distinct winding forms, the double toroidal helix can 

exhibit eight distinct forms. These winding configurations are 

represented by specific operators in Eq. (25), as shown in detail 

in Table A.1 in Appendix. 

3.5 Equation of the center curve of the triple 
helical wire 

The trajectory of the triple toroidal helix comprises two motion 

components: axial motion along the centerline of the double to-

roidal helix and circumferential motion on its normal plane. 

Given that tangent vector td of the double toroidal helix centerline 

has been derived in the preceding section, constructing the 

mathematical formulation of the circumferential motion requires 

establishing a Frenet–Serret frame along the double toroidal he-

lix. This process entails computing tangent vector td, principal 

normal vector nd, and binormal vector bd. 

On the basis of the methodology introduced, tangent vector td 

can be decomposed into two components: tangent vector ts of 

the single toroidal helix and tangent vector tφd associated with 

the circumferential motion about the single toroidal helix. Princi-

pal normal vector nd is calculated as ts × tφd, and binormal vector 

bd is obtained from the orthogonality condition of the Frenet–

Serret frame via bd = td × nd, as defined in Eq. (27). 

 

cos sin , ,  = + =  = 
d dd s d d d s d s dt t t n t t b t n . (27) 

 

Tangent vector tφd is defined as the normalized partial deriva-

tive of the double toroidal helix direction vector with respect to 

 
 
Fig. 4. Schematic of vector solving on the basis of the Frenet–Serret frame. 
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angular parameter φd. Its computation formulation is presented 

as 

 

( )

( )





=


d

d d

d d

t
h

h
. (28) 

 

By substituting Eq. (26) into Eq. (28) and subsequently sub-

stituting Eqs. (20) and (28) into Eq. (27), the three orthonormal 

basis vectors of the Frenet–Serret frame along the double toroi-

dal helix are derived, as expressed in Eqs. (29)-(31). 

The vector representation in Frenet–Serret frame nd-bd-td can 

be transformed into the Cartesian coordinate system by using 

Eq. (32). 

Direction vector q't of the circumferential motion performed by 

the triple toroidal helix on the normal plane of the double toroidal 

helix, expressed in Frenet–Serret frame nd-bd-td, is defined in Eq. 

(33). 

The calculation method for vector qt in the Cartesian coordi-

nate system is given in Eq. (34). The calculation method of the 

triple toroidal helix is derived as shown in Eq. (35). 
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( )cos , sin ,0  t t t t tr rq = , (33) 

where the operator + is used for right-handed spirals and − is for 

left-handed spirals. 
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 (34) 

 

= + + +t s d th h q q q . (35) 

 

The triple toroidal helix is based on the double toroidal helix. 

Given that a double toroidal helix has eight winding forms, a tri-

ple toroidal helix has 16 winding forms. These different winding 

forms are represented by the operators in Eq. (34), as explained 

in detail in Table A.2 in Appendix. 

4. Wire-closed criterion of the toroidal helix 

Parameterization design on the basis of the closed criterion of 

the winding patterns with (i) the multithread winding method and 

(ii) the single-thread winding method allows for the perfect clo-

sure of a toroidal helical wire of arbitrary order n. Two new phys-

ical parameters, spins N and winding circles m, are introduced. 

N is defined as the ratio of rotation angle φi of the nth-order helix 

to rotation angle φi-1 of the (n-1)th toroidal helix that it wraps. m 

is the number of turns the wire-wound helical structure makes 

along the circumference of the toroid. A sufficient and necessary 

criterion for wire closure in the (ii) winding pattern is that m × N 

 N+ (i.e., m × N is a positive integer), whereas for the (i) winding 

pattern, the criterion is that N  N+. 

4.1 Closed criterion of the single helical wire 

4.1.1 Multithread winding method 

If the single (n = 1) helix formed by the multithread winding 

method achieves perfect closure, that is, its beginning and end 

align, after one complete wrap around the core wire (n = 0), then, 

in combination with Eq. (3), αs must satisfy the following 
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relationship under the perfect wire-closed condition, where spin 

Ns  N+. 

 

arctan
 

=  
 

s s
s

r N

R
. (36) 

4.1.2 Single-thread winding method 

During the winding process using the single-thread winding 

method, when the helix completes one full cycle around the core 

wire (n = 0), spin N's is not an integer but includes an additional 

term of 1/m. Therefore, the perfect wire-closed criterion for this 

winding pattern is given as 

 

( )1
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where N's = Ns ± 1/m, which is substituted into Eq. (37) to yield 

Eq. (38). 
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Therefore, the wire-closed criterion is proven to be identical 

for both types of winding patterns. 

4.2 Closed criterion of the double helical wire 

From the definition of spins N and Eq. (4), the spins of the 

double toroidal helix, Nd, can be calculated as  
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= =d s d

d

s d s

r
N

r
. (39) 

 

Expressing rs in Eq. (39) in terms of other parameters and 

substituting it into Eq. (38) yields the wire-closed criterion for the 

double toroidal helix as follows: 
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4.3 Closed criterion of the triple helical wire 

The spins of the triple toroidal helix, Nt, can be determined via  
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 

 
= =t d t
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d t d

r
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r
. (41) 

 

By expressing rd in Eq. (41) in terms of other variables and 

substituting it into Eq. (40), the wire-closed criterion for the triple 

toroidal helix is obtained as 
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R
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4.4 Theoretical improvement over existing clo-
sure criteria 

Zhang et al. [2] proposed a closure criterion for multithread 

wound toroidal helical structures that uses radius R as the pri-

mary closure indicator. This critical parameter, R, must be an in-

teger multiple of rs, rd, cotαd, cotαs, and cosαs (note: symbols are 

adapted to this work). Although this criterion enables precise clo-

sure of helical structures, it exhibits limitations. Specifically, it re-

quires radius R to simultaneously satisfy the independent clo-

sure conditions for single and double toroidal helices (Eq. (43)). 

This restrictive approach substantially reduces the number of 

valid closure solutions. 

 

( ) ( )

( ) ( )
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

 

+

+

 = 

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Ν

Ν

s s s s

d d s d d

R N r N

R N r N
. (43) 

 

In fact, it is sufficient for radius R to satisfy a least common 

multiple (lcm) condition, rather than simultaneously fulfilling all 

individual constraints. Consequently, an optimized closure cri-

terion based on R is proposed as follows: 

 

( )( )lcm cot , cos cot   +=  s s d s dr rR K K  . (44) 

 

The optimized closure criterion based on radius R enables the 

effective closure of wire-wound toroidal helical structures and 

comprehensively incorporates all essential closure parameters. 

However, this criterion functions primarily as a validation-driven 

method for design parameters and thus lacks the incorporation 

of design-oriented perspectives. By contrast, the closure crite-

rion developed in this study is intrinsically compatible with both 

parameter design frameworks and manufacturing logic, thus 

providing direct guidance for design implementation. 

In practical engineering applications, key parameters, such as 

toroidal core radius R and wire diameter d, are determined 

based on the dimensional specifications and mechanical perfor-

mance requirements of the target structure. The design method-

ologies for these parameters are beyond the scope of this study. 

Instead, this work focuses on determining the precise winding 

angle (α) under fixed parametric constraints, ensuring perfect 

geometric closure of toroidal helical structures. This angle-cen-

tric computational approach directly supports design and manu-

facturing processes and thus enhances structural reliability. 

In the following section, a single toroidal helical structure is 

adopted as an engineering application case study to demon-

strate the proposed closure criterion. Although this example fo-

cuses on the single toroidal helix configuration, the fundamental 
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closure principles are equally applicable to double and triple to-

roidal helices in practical implementations. 

4.5 Application example of toroidal helical 
structure design 

In this section, the application of the proposed closure criterion 

is demonstrated through an engineering case study of a single 

toroidal helical structure in radial tires (Fig. 5). This configuration 

represents a typical single-thread, multilayer, wound toroidal he-

lix. As the core structural support of the bead section, it achieves 

multifunctional mechanical performance through its specialized 

helical architecture. 

Given its unique winding configuration, this structure delivers 

high-stiffness reinforcement to the tire bead and enables critical 

load-transfer functions, including fixation, steering force trans-

mission, and frictional engagement. Consequently, it is a key 

load-bearing component for ensuring the tire's operational 

reliability under extreme service conditions. The structural topol-

ogy of the bead section is depicted in Fig. 6. 

In the initial design phase of a single toroidal helical structure, 

the basic geometric dimensions, including nominal inner diame-

ter Din and theoretical cross-sectional diameter, are determined 

based on the tire’s global structural requirements. Subsequently, 

core design variables, such as core wire diameter dc, wire diam-

eter di for each layer (with subscript i denoting the layer index), 

and winding turns m, are derived from these key dimensions. 

This derivation enables the calculation of centerline radius R and 

winding radii rsi, as shown in Eqs. (45) and (46). 

 

in
1 2

2 2
= + + + + + c

i

D d
R d d d  (45) 

 

1 2 1
2 2

−= + + + + +c i
si i

d d
r d d d . (46) 

 

The core design parameters of the two-layer single-thread 

wound toroidal helix structure shown in Fig. 5 are tabulated in 

Table 2. 

On the basis of the parameters in Table 2 and Eqs. (45) and 

(46), the core radius is calculated as R = 140.15 mm, and the 

first- and second-layer winding radii are determined as rs1 = 

2.775 mm and rs2 = 4.325 mm, respectively. The closure condi-

tion (Eq. (38)) can then be used to compute winding angles αs1 

and αs2 that ensure structural closure for various Ns1 and Ns2. 

These spin parameters N are typically constrained by non-inter-

ference conditions and mechanical performance requirements 
(beyond this study’s scope). For example, Ns1 = 9 and Ns2 = 8 

yield closure-compliant winding angles αs1 = 10.10° and αs2 = 

13.87°, respectively. 

Substituting core radius R and the layer-specific parameters 

(rs1, αs1, and m1 for the first layer and rs2, αs2, and m2 for the sec-

ond layer) into Eq. (6) yields the analytical relationships between 

polar angle φs and rotational angle θ for each layer under the 

single-thread winding pattern. Incorporating these results into 

the toroidal helical centerline formulation (Eq. (17)) provides the 

parameterized foundations for precise 3D geometric modeling 

of the single toroidal helical structure via CAD software. 

Notably, winding angles that satisfy closure conditions are not 

only critical for precise geometric modeling but also serve as key 

control parameters in manufacturing processes. The winding 

angle directly determines the spatial alignment between wound 

and core wires during initial winding operations, influencing the 

structural integrity and mechanical performance of toroidal heli-

cal structures. Industrially, precise helical angle control is essen-

tial for ensuring manufacturing quality and the stability of wire-

wound toroidal helices. 

5. Establishment of geometric models of 
wire-wound toroidal helical structures 

The following steps are required to model the toroidal helical 

Table 2. Structural parameters of the two-layer single-thread wound toroidal 

helix structure. 
 

Parameter Value/unit 

Din 267 mm 

dc 4 mm 

d1 1.55 mm 

d2 1.55 mm 

m1 10 

m2 16 

 

 

Fig. 5. Two-layer single-thread wound toroidal helical structure for tires. 

 

 

 
Fig. 6. Cross-sectional view of a tire. 

Single toroidal helical 

structures 

Tire bead
Core wire

First layer Second layer
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structure. 

1) Select parameters for the geometry. The chosen parame-

ters must satisfy the perfect wire-closed criteria of each nth-or-

der helix listed in Sec. 4. 

2) Define the parameters and input the mathematical expres-

sion of each helix. 

3) Establish the center curve of each helix. 

4) Generate each wire-wound toroidal helical structure model 

by sweeping the established center curve as a guide line and 

the corresponding circular curve as a generatrix.  

The wire-closed criterion and the parametric expressions for 

each order of the toroidal helical structure are employed to gen-

erate 3D models of the wire-wound (i) multithread and (ii) single-

thread toroidal helical structures, which are presented in Figs. 7 

and 8, respectively. Fig. 9 illustrates the validation for the wind-

ing and spiral directions, it includes 16 combinations of the forms. 

5.1 Multithread winding pattern 

Fig. 7 comprehensively illustrates the hierarchical modeling 

process for multithread wound toroidal helical structures, 

thereby validating the proposed mathematical model of the mul-

tithread winding method. The modeling begins by constructing a 

circular core wire of radius R (Fig. 7(a)), whose spatial configu-

ration is governed by Eq. (9). 

Subsequently, six single helical wires—denoted as w11 to w16 

—are generated to form the first layer (Figs. 7(b) and 7(c)). Each 

wire is wound with radius rs1. Its spatial trajectory is governed by 

Eq. (17), and the initial phase angle of the jth wire is set to (j-

1)ξsd1. 

The second layer employs a compound helical winding pat-

tern integrating single to triple helices. The base element com-

prises a central single helical wire (Fig. 7(d), Eq. (17), winding 

radius rs2). With the first side strand as an exemplar, it integrates 

a double central helix (Fig. 7(e), Eq. (26), winding radius rd) and 

a triple outer helix (Fig. 7(f), Eq. (35), winding radius rt). The ini-

tial phase angle of the jth triple helix is set to (j-1)ξt. The complete 

configuration of the side strand is presented in Fig. 7(g). 

Replicating this modeling process for each side strand yields 

the complete side rope assembly (Fig. 7(h)), and the initial 

phase angle of the double central helix in the jth side strand is 

defined as (j-1)ξd. Sequentially generating all side ropes by us-

ing this method completes the full multithread wound toroidal 

helical structure model (Fig. 7(i)), where the initial phase angle 

of the central helix in the jth side rope is (j-1)ξs2. The angular 

rotation relationships are governed by Eqs. (3)–(5). 

5.2 Single-thread winding pattern 

Fig. 8 illustrates the modeling process for single-thread wound 

toroidal helical structures. The construction of the circular core 

wire (radius R) follows the methodology established in Section 

5.1 (Fig. 8(a)). The first layer is formed by a reciprocating single 

helical wire governed by Eq. (17) with winding radius rs1, as 

shown in Fig. 8(b). 

The second layer implements the same composite winding 

pattern that integrates single to triple helices constructed via a 

single side rope. This rope comprises (1) a central single helical 

wire (Fig. 8(c), Eq. (17), winding radius rs2); (2) six side strands, 

each containing one double helical wire (Fig. 8(d), Eq. (26), 

winding radius rd); and (3) six triple helical wires (Fig. 8(e), Eq. 

(35), winding radius rt). 

Fig. 8(f) displays the geometry of the first side strand, with the 

initial phase angle of the jth triple helix being set to (j-1)ξt. Repli-

cating this modeling process for each side strand assembles the 

complete structure, yielding the final configuration shown in Fig. 

8(g). The initial phase angle of the double helix in the jth side 

strand is defined as (j-1)ξd. 

Notably, when modeling single-thread wound toroidal helical 

structures, rotational angle variables φs, φd, and φt in Eqs. (17), 

(26), and (35) must be replaced with their modified counterparts 

φ's, φ'd, and φ't, respectively. The relationships among these ad-

justed rotation angles are governed by Eqs. (6)–(8). 

5.3 Validation of the winding and spiral direc-
tion regulation model 

Sixteen sets of 3D visualization models are constructed to in-

tuitively demonstrate the proposed mathematical model’s capa-

bility to regulate winding and spiral directions (Fig. 9). These 

models, which are based on the side rope structure, incorporate 

single, double, and triple helical wires. The model’s versatility 

and controllability are comprehensively validated by systemati-

cally permuting the spiral direction at each helical level and the 

side rope’s winding direction about the core wire. 

Given that the directional control logic of multithread and sin-

gle-thread winding methods are fundamentally consistent, the 

analysis in this section focuses on the multithread winding 

method for simplification. 

Structurally, each side rope comprises three hierarchically 

nested helices: a triple helix that winds around a double helix to 

form a side strand and multiple side strands that wind around a 

single helix to form the side rope. The entire assembly is then 

wound along the toroidal core surface to achieve a closed-loop 

configuration. 

This nested architecture enables independent left- or right-

handed orientation adoption at each helical level (single, double, 

and triple), and the side rope can wind clockwise or counter-

clockwise around the core wire. Helix handedness across the 

three levels and the winding direction yield 16 possible configu-

rations, which theoretically encompass all feasible directional 

permutations. 

Fig. 9 systematically presents all 16 configurations incorporat-

ing triple helices organized by side rope winding direction and 

internal helical handedness. In each subfigure, the red arrows 

indicate the side rope winding direction, and the yellow, green, 

and purple arrows represent the handedness of single, double, 

and triple helices, respectively. 
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Figs. 9(a)-(h) illustrate eight configurations with counterclock-

wise winding around the core wire, ranging from all-left-handed 

helices (Fig. 9(a)) to all-right-handed helices (Fig. 9(h)) and en-

compassing all intermediate helical handedness permutations. 

 

 

 
 
Fig. 7. Modeling of a wire-wound toroidal helical structure with a multithread winding pattern: (a) core wire model; (b) first helical wire in the first layer; (c) 

complete first-layer helical wire set (six wires); (d) single helical wire in the second layer; (e) first double helical wire in the second layer; (f) first triple helical wire 

in the second layer; (g) first side strand model in the second layer; (h) first side rope model in the second layer; (i) complete multithread wound model. The 

insets show cross-sectional views highlighting the internal configurations. 
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Figs. 9(i)–(p) show identical helical handedness combinations 

but reverse the winding direction to clockwise, providing a com-

plete comparative set of spatial configurations. 

For visual clarity, noncritical structures are rendered trans-

parent to emphasize the spatial relationships between the side 

ropes and the core wire, along with multiorder helical orienta-

tions. The visualization results demonstrate the mathematical 

model’s precise generation of any desired winding–spiral direc-

 

 

 
 
Fig. 8. Modeling of a wire-wound toroidal helical structure by using the single-thread winding pattern: (a) core wire model; (b) first-layer single helical wire model; 

(c) second-layer single helical wire model; (d) second-layer double helical wire model; (e) first triple helical wire in the second layer; (f) first side strand model 

in the second layer; (g) complete single-thread wound model. The insets show cross-sectional views of the internal structure. 
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tion combination under given parameters, validating its robust 

applicability and fine-grained controllability in designing complex 

multiorder helical structures. 

The research results presented above demonstrate the accu-

racy of the mathematical and geometric model, wire-closed 

criterion, winding direction, and spiral direction of each order of 

the helix derived in this work. Moreover, the accuracy of the pro-

posed methodology for deriving the mathematical expressions 

of the helix and the optimization computation method for the Fre-

net–Serret frame vectors is validated. 

 

 

 

 
 

Fig. 9. 3D verification model of the winding and spiral directions of a varied-order wire-wound helix, where the letters in the lower-left corner of each subfigure 

indicate different combinations of winding and spiral directions. The letter preceding the symbol "−" represents the winding direction, the letter following "−" 

represents the spiral direction, and the letters representing the spiral direction denote single, double, and triple helices in sequence. The letters "cc" and "c" 

denote counterclockwise and clockwise winding directions, respectively. The letters "l" and "r" indicate left- and right-handed spiral directions, respectively. One 

spiral steel wire with an obvious winding relationship and one core wire are selected to enhance the clarity of the spiral direction. These steel wires are set to 

be opaque. All other wires are set to be translucent for an enhanced view. 
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6. Conclusions 

An accurate mathematical model is essential for the mechan-

ical analysis of helical structures. The use of such a model to 

establish a precise geometric model is crucial for ensuring the 

accuracy of finite element analysis results. This study investi-

gates the mathematical models of various wire-wound toroidal 

helical structures, and the main conclusions are as follows: 

1) An optimized method for calculating the normal vector in 

the Frenet–Serret frame is proposed. This method facili-

tates the derivation and construction of a mathematical 

model for a triple (n = 3) helix structure, providing a power-

ful tool for in-depth studies on the mechanical and dynamic 

properties of toroidal helix structures. 

2) Toroidal helical structures formed by two different winding 

patterns are constructed. Notably, the single-thread wind-

ing method for each layer of helical structures is introduced 

for the first time, thus opening new avenues for research 

on helical structures.  

3) Investigation of the wire-closed criterion for (i) multithread 

and (ii) single-thread wound toroidal helical structures de-

monstrates that the closure criteria for both winding pat-

terns are consistent. 3D models incorporating single, dou-

ble, and triple wire-wound toroidal helical structures are 

successfully established, providing a solid theoretical foun-

dation for the accurate design and fabrication of these 

structures. 

This study proposes precise mathematical models and pro-

vides corresponding closure criteria for achieving perfect geo-

metric closure. However, the current model lacks evaluation cri-

teria for contact states between adjacent interlayer wires. Con-

sequently, it cannot assess packing density in single-layer wire 

arrangements, imposing limitations on parameter design guid-

ance. Future research should develop parameter design meth-

ods that are based on adjacent wire spacing within the same 

toroidal helical layer. This approach will prevent interference 

from excessive wire density (a common cause of finite element 

analysis nonconvergence) while avoiding mechanical perfor-

mance degradation due to oversized gaps. Integrating these 

spacing-based methods with the proposed models and closure 

criteria will establish a comprehensive theoretical foundation for 

parameter design and geometric construction of wire-wound to-

roidal helical structures. 
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Nomenclature------------------------------------------------------------------ 

A  : An arbitrary point on the center curve of the nth-order hel-

ical core wire 

B  : An arbitrary point on the center curve of the (n+1)th-order 

helical core wire 

lc : Arc length of the (n=0) core wire centerline 

ls  : Length of the single (n=1) helix 

ld  : Length of the double (n=2) helix 

lt  : Length of the triple (n=3) helix 

R : Radius of the core wire centerline 

rs  : Winding radius of the single helix 

rsi  : Winding radius of the ith-layer single helix 

rd  : Winding radius of the double helix 

rt  : Winding radius of the triple helix 

θ  : Rotation angle of the core wire centerline 

αs  : Spiral angle of the single helix 

αd  : Spiral angle of the double helix 

αt  : Spiral angle of the triple helix 

φs  : Rotation angle of single helix turns around the core wire 

centerline 

φd  : Rotation angle of double helix turns around the single 

helix 

φt  : Rotation angle of triple helix turns around the double 

helix 

φ's  : Rotation angle of single helix turns around the core wire 

centerline at a single-thread winding pattern 

φ'd  : Rotation angle of double helix turns around the single 

helix at a single-thread winding pattern 

φ't  : Rotation angle of triple helix turns around the double 

helix at a single-thread winding pattern 

m : In winding circles, number of turns the toroidal helix 

winds around the z axis 

N  : Within one winding circle, number of complete rotations 

of a helix turning around its centerline 

Ns  : Number of spins of the single helix 

Nd  : Number of spins of the double helix 

Nt  : Number of spins of the triple helix 

nθ  : Unit normal vector of the core wire centerline 

ns  : Unit normal vector of the single helix 

nd  : Unit normal vector of the double helix 

bθ  : Unit binormal vector of the core wire centerline 

bs  : Unit binormal vector of the single helix 

bd  : Unit binormal vector of the double helix 

tθ  : Unit tangent vector of the core wire centerline 

ts  : Unit tangent vector of the single helix 

td  : Unit tangent vector of the double helix 

tφs : Unit tangent vector of partial motions on the normal 

plane of the core wire centerline 

tφd  : Unit tangent vector of partial motions on the normal 

plane of the single helix 

h  : Vector representation of the core wire centerline 

hs  : Vector representation of the single helix 
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hd  : Vector representation of the double helix 

ht  : Vector representation of the triple helix 

∂hs(φs) : Partial differentiation of vector representation of the sin-

gle helix with respect to φs 

∂hd(φd) : Partial differentiation of vector representation of the 

double helix with respect to φd 

q's  : Vector representation of the single helix in the Frenet–

Serret frame of the core wire centerline 

q'd  : Vector representation of the double helix in the Frenet–

Serret frame of the single helix 

q't  : Vector representation of the triple helix in the Frenet–

Serret frame of the double helix 

qs  : Vector representation of the single helix in the Carte-

sian coordinate system 

qd  : Vector representation of the double helix in the Carte-

sian coordinate system 

qt  : Vector representation of the triple helix in the Cartesian 

coordinate system 

Tθ  : Transformation matrix from the Frenet–Serret frame of 

the core wire centerline to the Cartesian coordinate 

system 

Ts  : Transformation matrix from the Frenet–Serret frame of 

the single helix to the Cartesian coordinate system 

Td  : Transformation matrix from the Frenet–Serret frame of 

the double helix to the Cartesian coordinate system 

ξsi  : Multithread in each layer winding pattern: initial phase 

angle difference between neighboring single helices in 

the ith-layer 

ξd  : Multithread in each layer winding pattern: initial phase 

angle difference between neighboring double helices 

ξt  : Multithread in each layer winding pattern: initial phase 

angle difference between neighboring triple helices 

ξ'si  : Single thread in each layer winding pattern: in the ith-

layer, phase angle difference between neighboring sin-

gle helices formed by winding two circles of the same 

wire on the centerline 

ξ'd  : Single thread in each layer winding pattern: in the ith-

layer, phase angle difference between neighboring 

double helices 

ξ't  : Single thread in each layer winding pattern: in the ith-

layer, phase angle difference between neighboring tri-

ple helices 

Din : Normal inner diameter of toroidal helical structures 

dc  : Core wire diameter 

di  : Wire diameter in the ith layer 
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Appendix 

The + or − symbols in the table indicate the appropriate opera-

tors for the ± symbols that appear in sequence in the correspon-

ding mathematical expressions with different winding and spiral 

directions. L stands for left-hand, and R stands for right-hand. 

 

 

Table A.1. Operators corresponding to the eight types of double 
(n = 2) toroidal helical winding in qd. 
 

Winding 
direction 

Spiral direction 

Operator selection: + or − 

qd 

x y z 

Single to- 
roidal helix 

Double to-
roidal helix 

1 2 3 1 2 3 1 2 

Counter-
clockwise 

L 
L - - + - - - - - 

R - + - - + + - + 

R 
L + + + + + - - + 

R + - - + - + - - 

Clockwise 

L 
L - - + + - + + + 

R - + - + + - + - 

R 
L + + + - + + + - 

R + - - - - - + + 

Table A.2. Operators corresponding to the 16 types of triple (n = 3) toroidal helical winding in qt. 
 

Winding direction Counterclockwise Clockwise 

Single toroidal helix L R L R 

Double toroidal helix L R L R L R L R 

Triple toroidal helix L R L R L R L R L R L R L R L R 

Operator selection: 
+ or − 

x 

1 + - - + + - - + + - - + + - - + 

2 + + - - + + - - + + - - + + - - 

3 + + - - - - + + + + - - - - + + 

4 + + + + + + + + + + + + + + + + 

5 - - + + - - + + - - + + - - + + 

6 + + + + + + + + + + + + + + + + 

7 + + + + + + + + + + + + + + + + 

8 + + + + + + + + + + + + + + + + 

9 - - + + + + - - - - + + + + - - 

10 + + + + + + + + + + + + + + + + 

y 

1 - + - + - + - + + - + - + - + - 

2 + + + + + + + + + + + + + + + + 

3 + + - - + + - - + + - - + + - - 

4 - - - - + + + + - - - - + + + + 

5 + + + + + + + + + + + + + + + + 

6 - - + + - - + + - - + + - - + + 

7 - - + + + + - - + + - - - - + + 

8 + + + + + + + + + + + + + + + + 

9 + + - - - - + + + + - - - - + + 

10 - - + + + + - - - - + + + + - - 

zt 

1 + - + - + - - + - + - + - + + - 

2 + + + + - - + + + + + + - - + + 

3 + + + + + + - - + + + + + + - - 

4 - - + + + + + + - - + + + + + + 

5 - - + + - - + + + + - - + + - - 

6 + + + + + + + + + + + + + + + + 

7 + + - - - - + + + + - - - - + + 
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